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Abstract 

Recently a reformulation of the MHV diagram method in M = 4 supersymmetric 
Yang-Mills theory in momentum twistor space was presented and was shown to be 
equivalent to the perturbative expansion of the expectation value of a supersymmetric 
Wilson loop in momentum twistor space. In this note we present related explicit 
Feynman rules in dual momentum space, which should have the interpretation of 
Wilson loop diagrams in dual momentum space. We show that these novel rules are 
completely equivalent to ordinary spacetime MHV rules and can be naturally viewed 
as their graph dual representation. 
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1 Introduction 



Witten's seminal work [lj identified novel twistor space structures previously hidden 
in scattering amplitudes, linking these to a twistor string theory formulation of Af = 4 
super Yang-Mills (SYM) theory Subsequent work [2] showed that tree-level ampli- 
tudes could be derived perturbatively from a novel diagrammatic expansion obtained 
by joining MHV amplitudes (appropriately continued off shell) together with scalar 
propagators, based on the geometric twistor picture of amplitudes as sets of inter- 
secting lines. It was then demonstrated in [3111] that the MHV diagram approach 
extends to the quantum level, by showing that it gives the correct one-loop MHV 
amplitudes in Af = 4 SYM. Quantum MHV diagrams were later successfully applied 
to reproducing one- loop MHV amplitudes in Af = 1 SYM [HE], and to deriving the 
cut-constructible part of the infinite sequence of one-loop MHV amplitudes in pure 
Yang-Mills theory [7] . A general proof of the equivalence of MHV diagrams to con- 
ventional Feynman rules was later presented in [4] for generic one-loop amplitudes 
in SYM, and for the cut-constructible part of Yang-Mills amplitudes. It was shown 
in [5J[H] that MHV rules can be obtained from a special change of variables performed 
on the lightcone Yang-Mills action. In [HllEEI] twistor space actions of gauge theories 
were constructed and the MHV rules derived from a particular gauge fixing of these 
actions. 

A rather different, dual, prescription to calculate Af = 4 amplitudes was found 
in [T2] based on the AdS/CFT correspondence, where the calculation of amplitudes 
was mapped to that of a Wilson loop with a lightlike polygonal contour. Somewhat 
surprisingly, this was found to yield correct results also in the weakly-coupled theory 
at one loop [HUE], as well as two loops p^5HT8] . An important difference between 
the Wilson loop approach and unitarity-based methods is that they lead to rather 
different classes of integral functions. Furthermore, the number of different integral 
topologies stops growing at a different number of external particles n. For example, 
at two loops there are no new integrals after nine points [19] while for amplitudes 
this number is twelve [201I2T] . However, so far this Wilson loop approach is limited 
to MHV amplitudes, and a generalisation to non-MHV amplitudes is not knownQ 

More recently, interesting developments have emerged from the discovery of the 
important role played by dual superconformal symmetry in the study of the Af = 4 
theory J2U[25]. It is then natural to study the role played by dual, or momentum 
twistors [26J, which led to elegant reformulations of the Af = 4 theory amplitudes in 
momentum twistor space (see [21] and references therein, for example). This work has 
led to a recent proposal [27J that the MHV diagram method can be formulated in mo- 
mentum twistor space, with the momentum twistor MHV rules generating compact 
expressions for integrands of loop amplitudes, which have manifest dual supercon- 
formal symmetry - up to the choice of a reference twistor. Connected with this, 

1 See the very recent papers for interesting proposals to overcome this limitation. 



1 



in [22] it was proposed that the expectation value of supersymmetric Wilson loops in 
momentum twistor space generate all planar amplitudes in the M = 4 theory. This 
work suggests the existence of a formulation of a Wilson loop approach to all N fc MHV 
amplitudes directly in dual momentum space. 

Ultimately the goal would be to find a derivation of the amplitude/Wilson-loop 
duality [T2HI1] and an extension to all amplitudes in M = 4 SYM. As mentioned 
above, the two sides of this correspondence lead to rather different integral repre- 
sentations. What we present in this paper is a set of diagrammatic rules directly in 
dual momentum space inspired by the momentum twistor Wilson loop formulation of 
Mason and Skinner [22]. The answers obtained by these rules are completely equiv- 
alent to the results obtained by supersymmetric MHV rules (as used in [3"ll2"Sl 29] ). 
divided by the MHV tree-level super amplitude. This suggests the existence of a dual 
momentum space formulation of the Wilson loop approach to all N fc MHV amplitudes. 

The rest of the paper is organised as follows. In Section 2 we introduce our 
diagrammatic rules, while in Section 3 we demonstrate full equivalence with MHV 
diagrams at tree level. In Sections 4 and 5 we consider one-loop and higher-loop 
diagrams and find agreement with known results. In Section 6 we conclude with a 
brief discussion of our results and future research directions. 

2 Feynman rules 



i 




Figure 1: Null polygon in dual momentum superspace. 

Here we present the basic Feynman rules for the proposed Wilson loop formulation 
of M = 4 amplitudes. We first consider a polygonal configuration given by n points 
(xi,9i) in J\f = 4 dual superspace [25], as shown in Figure [U Adjacent points i and 
i + 1 are null separated, and we introduce dual momentum superspace coordinates, 

Xi - x i+ i =pi = , 9i - 9 i+ i = Xitji , (2.1) 

with the conventions 

Xab = x a - x b , 9 ab = 9 a -9 b . (2.2) 
We define the spinor \£ a b)a as 

\Lb) = \Xab\l] , (2.3) 
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where is an arbitrary reference spinor, as used in the MHV rules [2]. 

In Figure |2] we have summarized our diagrammatic rules in dual superspace or 
dual MHV rules for the calculation of tree and loop-level superamplitudes in = 4 
SYM. Note that the result is the superamplitude divided by the MHV tree-level 
superamplitude. We will illustrate these rules in detail in examples presented in later 
sections and will give here only some general comments. 

(a) a » + b I d^ab 5 \ g (£ ab T}ab + 9ab) 



12 Q .. X°*3 



1 

(6) : 9ym J ^xjd^! (^ i £ J . 2 )(^ 2 ^ 3 )... ± (4 v _ i ^)(4. r ^ i ) 



i\ a X> i r 

1 + 1 




(a— 1 a) 



(a 1 ^aii)(^aii^ai2)(^a.i2^o,i^)"'(^ai r _i^ai r ){^air a ) 



a - 1 



Figure 2: Feynman rules . (a) Propagator, (b) Internal vertices, (c) External vertices. 

The propagator Figure Ufa) connects any pair of white dots from internal vertices, 
depicted in Figure 12(b), or external vertices, shown in Figure 12(c). A calculation of an 
L-loop superamplitude ^n^mhy wou ^ involve k + L + 1 conventional spacetime MHV 
vertices. In the dual momentum picture, each internal vertex contributes a factor 
#ym an d fermionic degree —8, while each propagator contributes fermionic degree 4. 
Hence, in order to calculate i^°|| v , we need to sum over all possible diagrams with 

# (internal vertices) = L , ^(propagators) = k + 2L . (2-4) 



Before we move on to concrete tree and loop-level examples, we would like to make 
some general comments on the possible origin of these rules. The propagator resembles 
a standard scalar propagator, except for the presence of a fermionic integration. The 
internal vertices are most naturally interpreted as insertions arising from an MHV- 
type Lagrangian in dual momentum space, and finally, we expect the external vertices 
to arise from the expansion of an appropriate Wilson loop. In this respect we notice 
that two interesting proposals for Wilson loops in dual momentum space have recently 
appeared [221122], and it would be natural to expect that our rules are closely related 
to these. Finally, we note that our diagrammatic approach is, at least geometrically, 
a direct translation of the momentum twistor Wilson loop approach of [22], which 
makes the relation to supersymmetric MHV rules manifest. 



3 



3 Tree amplitudes 



We begin by considering diagrams without internal vertices. As we shall see below, 
these turn out to generate the tree amplitudes of the M = 4 theory, divided by the 
tree MHV amplitude. 

MHV tree amplitudes 

In this case the number of propagators and internal vertices is zero. It can be 
viewed as a limiting case of the external vertex in Figure [2fc) with all dashed legs 
removed, to which we can assign the value 1. This matches the MHV tree amplitude 
divided by itself. 

NMHV tree amplitudes 

The next simplest diagram without internal vertices is one with a single propagator 
linking two external vertices, labelled by % and j in Figure |3]^a) below. 




Figure 3: (a) Dual MHV diagrams contributing to NMHV tree amplitudes, (b) Here 
we show the conventional MHV diagrams together with the dual diagrams. 

Applying our rules we obtain the expression 

This is precisely the expression of the corresponding MHV diagram depicted in Figure 
Mb), where we also show the dual momenta Xj and Xj in order to illustrate the graph 
duality between the two diagrams. Note that this term above is nothing but the 
superconformally invariant i?-function [25] R* ; ij = — — in the notation 
of (271130] with reference twistor Z* = (0, i, 0). 

N 2 MHV tree amplitudes 

The next simplest dual MHV diagrams without internal vertices are depicted in 
Figure HI 
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(a) i : (6) 



Figure 4: Dual MHV diagrams contributing to N 2 MHV tree amplitudes. The corre- 
sponding ordinary MHV diagrams are depicted in Figure [2 below. 

P< y-y Pj 

(a) YmIv) (MSY^ (MHVV 

Figure 5: Conventional MHV diagrams for N 2 MHV tree amplitudes. 

These two kinds of diagrams will turn out to generate the N 2 MHV tree amplitude. 
The first one, given in Figure H^a), gives 




(i-li) (l-ll) 1 

(i-liuHiii i) (l-ieu)(i a 1)4 



x -S?l jH JX^U) i / ^ + '*>■ (3 ' 2) 

The two lines in the expression above are independent as Figure HJa) shows. This 
reproduces the result of conventional MHV diagram in Figure [5Ta), divided by tree 
amplitude. The result is simply the product of two .R-functions, 

[*,j-l,j,k-l,k] (3.3) 

The second type of diagrams contributing to the tree N 2 MHV amplitude is given in 
Figure H](b), which corresponds to the special case i = j of Figure H](a). This gives 

(i-li) (k—1 k) (l-H) 



(i-1 £ u )(£u i) (k-1 £ ik )(£ lk k) (l-l £ u )(£ a I) 

x\ [ d^u 5^(£ aVa + e a )\- I d% k 5°^(£ ik r] ik + 9 lk ) . (3.4) 

It is readily seen that this is the same as the expression one obtains from the corre- 
sponding MHV diagram, in Figure [5(b). In the notation of |27j . this diagram gives 

[*,i — l,i,k—l,k\ [*,k — l,k,l—l,l], (3.5) 

where the hat refers to the shifting of the momentum twistor k — 1 = (k — l,k)n 
(*,i — l,i). It is shown in [27] that the twistor expression (13.51) for this tree N 2 MHV 
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amplitude matches that obtained from the MHV diagram approach, although this 
comparison is somewhat more involved than the one here. 

Note that the multi-leg vertices (Figure 2(c) with r > 1) make an appearance here 
with a vertex with r = 2 being used, and that these vertices automatically take ac- 
count of the special case that in the twistor picture requires the somewhat mysterious 
introduction of hatted twistor rules. We expect this to be a generic feature, i.e. that 
the "shifted twistors" of the rules of [27] will in general be automatic consequences 
of the Feynman rules proposed here. 

Finally, we notice that there is a special class of dual MHV diagrams that appar- 
ently contributes to tree-level N 2 MHV superamplitudes, that is obtained by joining 
two external vertices with r = 2 with two propagators, such as taking both i — j 
and k — I in Figure Ufa). Such a diagram, depicted in Figure El corresponds to a 
conventional MHV diagram with three vertices where the middle one would be biva- 
lent, with its two legs connected to the adjacent MHV vertices. Due to the absence 
of conventional two-point MHV vertices, we expect such diagrams to vanish in the 
dual formulation, as we now check. 

Denoting by x a and Xb the positions of the external vertices in dual momentum 
space, we find this diagram to be equal to 

(a- la) (6-16) 
(a-1 l a b) (lab Lb) (Lb a) (b-1 Lb) (Lb Lb) (Lb b) 

J X ab J X ab 

The prefactor in (13. 6p contains a double pole l/(LbLb) 2 - However, one has in general 

r 1 4 

/ dVV<5° |8 W + e)5°\\r,'l' + 6) = ±(ll>)±H(e A 9 A ) , (3.7) 

J A=l 

and therefore the second line of ( I3.6I) provides a factor of (LbLb) 4 - This compensates 
the double pole from the prefactor, and makes this class of diagrams vanish. 




Figure 6: A dual MHV diagram potentially contributing to N 2 MHV amplitudes which 
is not present in the conventional MHV diagram expansion. Its explicit contribution 
vanishes. 
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Generic tree amplitudes 

It is clear from the examples discussed above that there is a direct correspondence 
between dual MHV diagrams without internal vertices, and tree-level MHV diagrams 
contributing to generic N*MHV amplitudes. This also covers all special cases where 
dual momenta coincide (c.f. Figure S(b) above). This is the same diagrammatic 
duality discussed in Section 4.3 of [27], in the context of momentum twistor space. 



4 One-loop amplitudes 

In this section we start to consider loop amplitudes which requires us to include also 
internal vertices, represented in Figure 2(b), in the dual MHV diagrams. At one loop 
we thus have to consider dual MHV diagrams with one internal vertex. 



One loop MHV amplitudes 

The simplest Wilson loop with one internal vertex is given in Figure [7J below. Note 
that the dual superspace position (xj, 9j) of the internal vertex has to be integrated 
over. This diagram is equal to 

2 f .4 J8n 1 i) Q'-l j) 

9ym J Xl 1 \talij){liM (i-liu)(iui){j-liij)(tijj) 

\ [ d\j S^iiami + 9ii)\ [ d A mj &\\l im + On) , (4.1) 
x u J x ij J 

where the integration over the fermionic variables gives the factor (£n£ij) A . This 
yields exactly the result obtained from the one-loop MHV diagram in Figure [7J(b) 
(divided by the tree amplitude). 




Figure 7: One-loop MHV amplitudes. 



Generic one-loop amplitudes 

Rather than reviewing the next simplest case, the one-loop NMHV amplitude, 
we consider instead the general structure of one-loop amplitudes in this formulation. 
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The corresponding general structure in momentum twistor space has been discussed 
in Section 5.4 of [27]. By virtue of the tree-level results already obtained above, one 
may restrict the attention to diagrams containing one internal n-point vertex at Xi, 
whose legs connect to m distinct points Xj r (r = l,...,m)o The vertex generates a 
factor 

g* YU J d\ ld % {iijJij2){iiM . . . { i Ijm _ Ajm ) { i IjJln ) ■ ^ 

After performing the 7] integrations coming from the propagators, each propagator 
connecting the internal vertex to the point Xj r generates a term, 

' ^((£ I]r \e Ijr }) . (4.3) 



x% 



Finally, each external point Xj r with a propagator linked to it generates a term 

O'r-l jr) 



(4.4) 



(j'r-1 Z Ij r ) (Z Ij r jr)' 

Combining these three terms for all legs of the internal vertex one obtains the expres 



sion 



9YM l\ 4, OV-I^V) (iljrJr) (lljrtlte) ■ 1 ■ } 

This is precisely the expression (5.22) of [27J, obtained from the usual MHV rules 
and corresponds directly to the product of R invariants that arises from applying 
the momentum twistor MHV rules discussed there. By this argument we see that 
the dual MHV rules proposed here correctly generate generic one-loop amplitudes as 
formulated by standard MHV diagrams. 



5 Two loops 

In this section we construct the integrand of the two-loop MHV amplitude from dual 
MHV rules. We will see that this integrand is the same as the standard integrand 
produced using spacetime MHV rules after dividing by the tree-level MHV amplitude. 
There are two main topologies of diagrams to consider, namely the double-bubble and 
the bubble-triangle topology, as shown in Figure [HJ Special cases of such topologies 
arise when some of the external dual momenta coalesce. 

In our description, we draw all possible diagrams that have two internal vertices 
and four propagators. The non- vanishing diagrams are shown in Figure IHJ We con- 
sider them in turn. 

2 It is easy to see that if more than one leg connect to the same point, the result is zero. 
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Figure 8: 
triangle. 



Two-loop MHV diagrams, (a) is the double-bubble, and (b) is the bubble- 




Figure 9: Two-loop MHV amplitudes. These graphs have two internal vertices and 
four propagators. Diagrams in the first line correspond to double-bubble MHV dia- 
grams, and diagrams in the second line correspond to the bubble-triangle MHV dia- 
grams. 



Using the rules described in Section [5J we arrive at the following integrand for 
Figure E(a): 

4- / d\, ^'{tumi + o<i)\ [ d'm, s ols (e, m + e„) 

x il J x Il J 



d%J $° l8 (tjJV]J + Ojj)— / d% k 5°\ 8 (£j k T) Jk + 9j k ) 

x jk J 

(i-li) (j-lj) (k-lk) (l-ll) 



(i-l£n)(£m) U 1 /,./)(/,././) (k-l£ Jk ){£ Jk k) (l-l£u)(£ul) 



(5.1) 



The first line in (15. ip corresponds to the insertion of two internal two-point ver- 
tices, the second and third line to four propagators connecting the two-point vertices 
with four external vertices, appearing in the last line, located at dual points Xi, 
Xj, and Xki x m . The fermionic integrations can be performed immediately, and give 
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(£u£u) A (£jj£kj) A - After this, ( 15. ip is immediately found to coincide with the integrand 
of the corresponding spacetime two-loop MHV diagram. 

Next we consider the class of diagrams where Xi = Xj, corresponding to Figure 
ED^b). These are given by 



9ym J d 4 x I d 8 e 1 jj-^v 2 5ym J d 4 xjd 8 9j 



,-'2 



I f 1 

<*V 5 0|8 (^/^/ + ^)4r / dSn S 0l8 (£nVn + On) 

x il J x Il J 



d%j 5 0|8 (^j^j + / <*V <5° |8 (-W* + dj k ) 



(i-li) (fc-lfc) (Z-1Z) 



{i-l£ii)(£neij)(tiji) (k-l£ k j){£kjk) (l-l£ u )(£ u l) 



(5.2) 



Compared to ( 15. ip . we notice the appearance in the fourth line of (15. 2p of an external 
vertex with r = 2 - see Figure M,c). Once again fermionic integrations are trivial 
to perform and give {£u£u) 4 {£ij£hj) A i an d one then recognises instantly that ( 15. 2 p is 
equal to the corresponding spacetime MHV diagram. 

There is an additional case with the same double-bubble topology, where the 
middle MHV vertex has no external legs - it is only attached to two adjacent MHV 
vertices forming the two loops of the diagram. This correspond to Figure M^c), and 
is also immediately seen to reproduce the corresponding spacetime MHV result. 

The last diagram topology to consider is the triangle-bubble. In the most gen- 
eral of diagrams, one has an internal three-point and an internal two-point vertex, 
connected together by propagators and connected to external vertices given in Figure 
[21(c) (with r = 1, in the notation of the Figure). The diagram is depicted in Figure 
Myd) and equals 

g YM / d^d%j^ 9ym j rf4 ^ rf8 ^ (£/j£jj)( ^ Jfc)6fc£/J ) 
\ [ d\j 5°\ 8 (£ tI r ltI + e iI )^- [ d%j ^{iurijj + eu) 



4- / d 4 Vjj 5°l 8 (^ Ji + ^ i )4- / d%j 5 0l8 (£ k jVkj + 6 k j) 
x jj J x kj J 

a) (j-i j) (k-ik) 



(i-ii H )(e H i) [., i/,7)(/,7./) (k-ie k j)(£ kJ k) ' 



(5.3) 



A special case occurs when i = j as shown in Figure Mfi), which is also immediately 
seen to reproduce the corresponding spacetime MHV result. 

There are other graphs, shown in Figure [101 but they all give vanishing contribu- 
tion. For example, when there is a structure of a chain of internal two-point vertices, 
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Figure 10: These diagrams give zero contribution. 



\ ah I r b / 
• • • • 4 



Figure 11: The diagram which contains a chain of two-point vertices (r > 1) also 
gives a vanishing contribution. 

as in Figure [XT], the result is zero. Indeed, considering only the fermionic part, we 
have 

J d 8 e h ■ ■ ■ e Ir d 4 Vah ■ ■ ■ d% rb s ^{£ ahVaIl + e ah ) ■ ■ ■ 5^(£ IrbVlrb + e Irb ) 

d\ h ■ ■ ■ d% rb 5 0l8 {£ ah 7] aIl + ■■■ + £ Irb r] Irb + 6 ab ) , (5.4) 



and unless r = 1 the integration always gives zero. This is what happens for Figure 
[TUT a). Figure [TUT b) contains the structure made by joining two internal two-point 
vertices with two propagators, which also vanishes as discussed in section 3. 



6 Discussion 



The proposal given here provides a MHV diagram formulation of all M = 4 am- 
plitudes in dual momentum space, which is dual to the conventional MHV diagram 
approach [2J. This is the dual momentum version (i.e. dual space-time version) of 
the momentum twistor space Wilson loop approach of [22]. Whilst one may appeal 
to that formulation to argue that the Feynman rules given here must necessarily arise 
from the = 4 theory, there is presumably a direct argument for this. The internal 
vertices of Figure G±](b) appear to be of MHV origin, and together with the kinetic 
terms giving the propagator of Figure [2](a) may be related to the TV = 4 formulation 
of [H[9] . As discussed in Section [21 the external vertices of Figure [21(c) should then 
arise from the definition of a Wilson loop, perhaps along the lines of the twistor space 
argument presented in [22] . It would also be interesting to relate the rules here to 
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some lightcone limit of correlation functions, along the lines of recent work [3TU33] 
(see also [23J). 

There are some interesting features of the Feynman rules in Figure |2] that may 
throw light on these. We note that the external vertices are inserted at points in 
dual momentum space, with the simplest insertion corresponding to adding one soft 
function, and n-point insertions corresponding to a multiple soft function with n legs 
becoming soft. Multiplying by soft functions is the natural way to add particles in the 
Yangian symmetric (3^ formalism of J2TJ[35] , and this may bear further examination. 
These multiple field insertions in the external vertices are relevant when some dual 
momentum regions coalesce, and the corresponding rules are very simple modifications 
of those for less exceptional cases. Their origin should come from the expansion of 
a dual momentum Wilson loop. The fact that the rules presented here appear to 
automatically take account of shifted twistors in [22J also supports this. 

Finally, we notice that collinear and multi-particle singularities of the dual MHV 
diagrams correspond to dual momenta becoming lightlike separated, and may there- 
fore be obtained by a lightcone operator product expansion. It would also be inter- 
esting to relate this to recent work of [36J. 
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